Shape memory alloys (SMAs) have interesting properties for application in adaptive structures, and many researchers have already explored their possibilities. However, the complex behavior of the material makes the development of SMA adaptive structures a challenging task. It is generally accepted that systematic, model-based design approaches and design optimization techniques can be of great assistance in this case. Although some studies on design optimization of relatively simple SMA structures have been published, formal design optimization of more complex SMA devices still requires further exploration. By considering a typical example, i.e. an active catheter, the present paper aims to provide new insights into and solutions for the problems encountered in the practical application of model-based design approaches to SMA adaptive structures. Active catheters are equipped with integrated micro-actuators that enable controlled bending, which yields enhanced maneuverability compared to conventional catheters. Next to a detailed discussion of an SMA active catheter finite element model, a novel SMA constitutive model is introduced. This model combines an adequate representation of the experimentally observed behavior with computational efficiency. Moreover, its history-independent nature significantly simplifies sensitivity analysis. Due to these features, application of optimization techniques to shape memory alloy adaptive structures becomes a realistic possibility.
I. Introduction
Due to their ability to generate relatively large strains and high stresses, shape memory alloys (SMAs) 1, 2 are important materials for adaptive structure design. 3 They can be used both as actuator and as structural material, which allows for designs with complex functions, and yet with a relatively simple structure. However, an obstacle for the widespread application of SMAs is given by the complexity of the behavior of the material. Realistic structures often do not allow a design approach based on intuition. Structured design approaches based on numerical models, combined with design optimization techniques, offer a way to overcome this difficulty.
While the constitutive modeling of shape memory alloys has received and continues to receive much attention, little has been reported on the subject of design optimization of SMA structures . Particularly detailed finite element models of realistic complexity are rare in this context. Some work has been done on shape optimization of SMA structures through minimization of Von Mises stresses, 4, 5, 6 but full design optimization based on detailed finite element models including electrical, thermal and mechanical effects has not been reported yet.
The aim of the present research is to fill this gap by exploring this topic. The final goal is to successfully apply gradient-based design optimization techniques to SMA adaptive structure design. In the present work, the focus is on the first step of this approach: the construction of a numerical simulation model suited for subsequent optimization. An active catheter design problem is taken as a typical example of a realistic shape memory alloy adaptive structure. The new design concept for the active catheter considered in this paper is introduced in Section II.A. The design is aimed at using a small number of individual parts. In this concept, the shape memory alloy is not used for just onedimensional actuation. This makes that it serves as a good example of a complicated, highly integrated shape memory alloy adaptive structure. The SMA material chosen for this application is a nickel-rich Ni-Ti alloy, which exhibits the R-phase transformation. Section II.B will elaborate on the motivation for this material selection, which is closely linked to restrictions imposed by the in vivo operating conditions of the catheter.
The third section focuses on the constitutive modeling of the considered material, and a new material model is introduced. Next to the sufficiently accurate representation of experimental data, its formulation is particularly aimed at its suitability for design optimization, as highlighted in the final part of this section.
The subject of the fourth section of this paper is the finite element modeling of the active catheter structure. In this section various aspects of the multi-disciplinary finite element analysis, which consists of an electrical, thermal and mechanical component, are considered. Also a subsection is devoted to the way the symmetries in the design are exploited, which leads to unconventional constraints in the mechanical analysis. Subsequently, the techniques used to solve the resulting nonlinear problem robustly and efficiently are discussed, followed by the presentation and discussion of results of the finite element simulation.
In the fifth and final section, conclusions are formulated and applications and extensions of the presented work are discussed. Some rather detailed but nonetheless important derivations related to the constitutive modeling and the symmetry constraint equations can be found in the Appendix at the end of this paper.
II. Active catheter
A. Design concept The continuing popularity of minimally invasive procedures in modern medicine leads to a growing demand for miniaturized medical instruments with added functionality. This trend is exemplified by efforts to develop active catheters, catheters equipped with actuators that enable bending to improve their maneuverability. In recent years, technologically advanced prototypes of such active catheters have been created by a number of researchers, 7, 8, 9 demonstrating the feasibility of the concept. All of them make use of SMA actuation elements, because these can deliver large actuation strains and/or stresses while the designs remain relatively simple. However, the prototypes presented in literature typically consist of a large number of individual parts that are connected together. This increases the complexity of the device and makes the assembly process more involved and costly. Moreover, the large number of interconnections is likely to decrease reliability. In contrast to the published prototypes, the new active catheter design concept presented in the current paper aims at minimizing the number of individual parts to overcome these disadvantages. The concept itself originates from manufacturability considerations: the proposed manufacturing method is to laser-cut or etch a pattern out of small-diameter shape memory alloy tubing. This procedure is currently routinely used for stents, 10 but can be used for other structures as well. The pattern used in the present concept enables active bending in two orthogonal directions, and by combining these the catheter can bend in any direction. The resulting structure is then subjected to a macroscopic strain, for example by applying a tensile axial load. This gives a deformation that allows the placement of spacers, which keep the structure in a partly deformed state. The internal stresses that are induced by these spacers are essential for actuation by means of the shape memory effect. A schematic illustration of the structure together with the spacers is shown in Fig. 1 .
Finally, electrodes are attached to specific locations on the structure, for example by wrapping it with a thin flexible substrate with integrated wiring. It is even conceivable to integrate the spacers in this wrapping, thereby combining functions of wrapping fixation and actuator prestraining. By applying voltages to the electrodes, electrical currents are generated in the structure, which produce heat due to the Joule effect. This generated heat leads to a local change in temperature that locally influences the constitutive behavior of the SMA. This results in a redistribution of strains and a different equilibrium configuration. Given the right design, an active catheter can be constructed in this way, that bends locally under the influence of an applied voltage.
Although many other interesting sub-problems of active catheter design can be identified (control, for example), the focus in this work is primarily on the basic structure of this conceptual active catheter. Note that the present design no longer consists of many individual parts with a single function that can be considered separately. Instead, many 2 American Institute of Aeronautics and Astronautics functions are integrated in a single structure, and the electrical, thermal and mechanical properties of the material combined with the specific geometry all simultaneously determine the total performance. Design of such a structure using intuition alone is very difficult, because of its integrated nature. Therefore effective model-based design methods are essential for the development and realization of this concept. Results of finite element calculations, as presented in Section IV.D, will further illustrate the functioning of this design concept.
B. Material selection
Not all shape memory alloys are suited for use in active catheter applications as considered in this paper. Since the catheter is inserted into blood vessels, an important restriction is that only a limited temperature range can be used, because most tissues are damaged by extended exposure to elevated temperatures.
An exact upper limit on the working temperature is difficult to specify, because the resulting damage depends on many factors, such as the amount of active convection provided by the blood flow, the type of tissue, and the duration and power of the exposure. Also a certain amount of local tissue degradation can be tolerated, since due the self-healing capabilities of the body it will not have any long-term effect.
In literature various maximum tolerable temperatures are mentioned for the situation without active convection. Most publications are concerned with burning of skin tissue, and because the outer layer of skin, the epidermis, is composed of the same so-called squamous epithelial cells as the lining of blood vessels, it is assumed that these published findings are relevant for an assessment of blood vessel wall damage by high temperatures as well. Herzog et al. 11 give 52
• C as the contact temperature above which burns occur. Ng and Chua 12 mention 44
• C as a starting temperature at which tissue degradation occurs with increasing severity. But to place this remark in some perspective, the severity of the damage should be considered as well. In another paper, 13 Ng and Chua also compare five published damage models. From these it can be derived that for tissues held at 50
• C, over 7 minutes are required to inflict a first degree burn. A first degree burn causes swelling and redness of skin, and is comparable to a sunburn. It heals within a few days. At 49
• C, this period required for a first degree burn is over 8 days, whereas at 60 • C, with some variation, the models predict times around half a second. Based on these indications, in the present work an upper limit on the local temperature of the active catheter structure of 49
• C (322 K) is used. Note that in these considerations, the effect of active convection through blood flow is not accounted for. This makes that this upper working temperature is still a conservative temperature limit.
The lower operating temperature limit of the catheter is imposed by the body temperature. This gives a temperature range of 37 to 49
• C (310 to 322 K), which is too small for most shape memory alloys to be useful. The reason is that most SMAs exhibit hysteresis, meaning that the transformation temperatures for the forward and reverse transformation are different. Typically this hysteresis is 30 K, often even more. In practice this would mean that even when starting from 37
• C a forward transformation still might be possible upon heating, a reverse transformation would not occur when the material returns to body temperature. This behavior is clearly not desirable for an active catheter.
A solution for this problem is provided by the R-phase transformation, which is a specific type of martensite transformation that occurs in certain nickel-rich Ni-Ti alloys. It is characterized by a very low hysteresis (typically 2 K) and has excellent cyclic stability 14 and good biocompatibility. 15 However, the standard martensite/austenite transformation in Ni-Ti typically allows for 5 to 7% transformation strain (for a few cycles). This R-phase transformation in contrast only offers approximately 0.7%. Because the transformation strain is not very large in the R-phase case, it is important to exploit it as much as possible by carefully designing the structure of the actuator. This is possible by adopting a model-based design approach as proposed in this paper. A key component in a computation model for SMA structures is the material model, and computational modeling of the R-phase transformation is the subject of the next section.
III. Shape memory alloy constitutive modeling
The formulation of a new constitutive model for R-phase transformation pseudo-elasticity in Ni-Ti is discussed here. First, the one-dimensional case is considered. Subsequently, the generalization of this model to the threedimensional and plane stress case is presented.
A. One-dimensional case
For the intended active catheter and other in vivo biomedical applications, the Ti-55.3wt%Ni alloy used in an experimental study by Tobushi et al., 16 which exhibits the R-phase/austenite transformation, is selected as a suitable material. Stress-strain curves from those experiments are shown in Fig. 2 . The focus will be particularly on the 3 American Institute of Aeronautics and Astronautics pseudo-elastic behavior observed for temperatures between 328 and 343 K, shown in Fig. 2 by thick solid lines. The loading and unloading stress-strain curves in this temperature range are very similar, which allows approximating them by a single curve, i.e. neglecting the hysteresis. This temperature range is too high for in vivo applications, but because transformation temperatures can be influenced by composition and heat treatment, 17, 18 shifting them to lower temperatures is possible.
For a review of R-phase transformation models previously presented in literature and a more elaborate argumentation for the present one-dimensional model, see Langelaar and Van Keulen. 19 An approximation used in the formulation of this model is that in the temperature range of interest, the hysteresis is neglected, since the small hysteresis of the R-phase transformation allows for this simplification. As a result of this, the model no longer requires internal variables and becomes history-independent. This significantly simplifies sensitivity analysis, 20 which raises the practicality of the intended model-based design optimization approach.
It was found previously, 19 that the following piecewise linear relation can represent the experimental stress-strain curves sufficiently accurate:
where ε 1 , ε 2 and E T are linear functions of temperature:
and E A and E R are constant parameters. These relations are only valid for positive strains, but similar relations can be formulated for negative strains. ε 1 and ε 2 are the transition strains at which the R-phase transformation starts and finishes. E T is the apparent Young's modulus dσ/dε during the phase transition. By curve fitting, the parameters defining the material behavior can be determined.
Before the actual fitting, a conversion is applied to the experimental data. The finite element implementation is based on the Green-Lagrange strain ε = ε GL and the Second Piola-Kirchhoff stress σ = σ P K2 . The onedimensional experimental data is given in terms of nominal stress σ nom and engineering strain ε eng . The equivalent Green-Lagrange strain and Second Piola-Kirchhoff stress can be derived from these quantities by:
The converted experimental data is used in the least squares fitting process. The parameter values that were subsequently obtained are listed in Table 1 . Table 1 : Parameter values for the proposed model found by curve fitting to experimental data.
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B. Three-dimensional case
The presented one-dimensional model can be generalized to the three-dimensional case in various ways, by defining a link between both cases. An important factor guiding the choices made for the following formulation is the intended application of this model in a design optimization procedure. The generalization preferably conserves the history-independence of the model to maintain a relatively simple sensitivity analysis. Also a symmetric tangent operator is preferred, to keep the computational costs low in comparison to a non-symmetric formulation, and to allow the use of standard solvers.
A simple and efficient approach has been presented in a previous paper. 19 There the link to the one-dimensional model was provided by a scalar strain definition related to the strain energy. However, by this choice the fact that the R-phase transformation is pressure-insensitive and the associated transformation strain has no volumetric component 21 was not accounted for.
The new model presented here instead uses an effective strain based on the distortional strain energy. Starting point for the derivation is Hooke's law. In matrix-vector notation, it can be expressed as: 
which is equivalent to, in short:
The strain energy Π ε is associated with the tensor product of stress and strain. In vector notation, this becomes
The expression ε T Gε is associated with the distortional part of the strain energy, ε T Kε with the volumetric part. Based on this, a distortion energy related effective strain measure is defined as
The factor 2/3 is included to make the energy-conjugated effective stress measure equal to the Von Mises stress, which is convenient. The scalar effective strain ε e defined in this way is an invariant of the strain tensor, which means its value does not depend on the coordinate system used to describe the strain components. That is an important requirement for a meaningful effective strain definition. In order to extend Hooke's law to include the isochoric transformation strain ε tr , it is assumed that the transformation strain, which is a purely distortional strain (as it does not have a volumetric component) is proportional to the distortional part of the elastic strain. This assumption is plausible as it minimizes the total strain energy. The resulting stress-strain relation is given by:
Accounting for the transformation strain ε tr in this formulation is equivalent to allowing the shear modulus G of the material to change:
HereĜ = G(1 − κ), and use has been made of the fact that KG = 0 and GG = G.
In the temperature range of interest, the material is completely in the austenite phase when unloaded. Until the transformation begins, the behavior of the material during loading can be described exactly by Hooke's law, by just takingĜ = G. As the transformation proceeds, the transformation strain is accounted for by adjusting the shear 5 American Institute of Aeronautics and Astronautics modulus. This formulation makes that the modification with respect to a linear elastic model is minimal. From this point onward the shear modulus G is no longer considered a constant, and the caret is omitted.
To complete the formulation of the stress-strain relation, the way the effective shear modulus depends on the effective strain has to be specified. This is done using the previously described piecewise linear one-dimensional stress-strain relation (Eq. 1), which provides a relation σ xx = f (ε xx ). In case of a tensile test, it can be derived that the proposed three-dimensional formulation yields:
The last expression can be combined with Eq. 1, which gives an equation from which the relation between the effective shear modulus and the effective strain can be found:
At a given temperature, the one-dimensional model gives a linear relationship between the uniaxial stress and strain component: its general form is σ xx = Aε xx + B. This leads to:
Because the parameters A and B can be derived from the formulation of the one-dimensional model, this final expression relates the shear modulus directly to the effective strain. To use this model in a finite element implementation, next to the stress-strain relation also the tangent operator is required. This operator can be found by differentiating the stress given by (Eq. 10) with respect to the strain. Details on its derivation can be found in Appendix A. The resulting tangent operator turns out to be symmetric.
C. Plane stress case
In the current setting of modeling an active catheter, it is attractive to use shell elements instead of solid elements. Particularly thin sections that are mainly loaded in bending can be modeled more efficiently by shells. In order to use this constitutive model in a thin shell element, a formulation for the plane stress case has to be derived. Using the general 3-D formulation, it can be derived that in plane stress, the transverse strain ε zz is related to the in-plane strain components ε xx and ε yy by:
where the symbol α represents (2G − 3K)/(4G + 3K), to reduce the complexity of the expressions. Note that α depends on G. Using this relation, the transverse strain component can be eliminated from the stress-strain equation (Eq. 5), leading to:
The same can be done for the effective strain definition, which becomes:
This indicates a slight complication: in the 3-D case, the effective strain only depended on the strain components (Eq. 8). In the plane stress case, however, it turns out that by elimination of the transverse strain the effective strain also has become a function of α, which in turn depends on the shear modulus G. It turns out no convenient explicit 6 American Institute of Aeronautics and Astronautics expression can be found to express G as a function of ε e , as in the 3-D case. The way the relation to the onedimensional model is constructed is the same as discussed previously for the 3-D case, so Eq. 15 still holds. Combining Eq. 15, Eq. 18 and the definition of α gives a complex equation in G, which can be solved numerically for a given temperature and strain situation. A Newton-iteration scheme is used to obtain the solution. Convergence is robust and usually requires only 3 to 4 iterations. Details on the equations can be found in Appendix B.
Also in the plane stress case a tangent operator is required in the finite element implementation. There are two ways to derive it: the first is to start from the stress-strain relation in the plane stress case (Eq. 17) and differentiate it with respect to the strain. However, as in this case there exists no explicit relation between the shear modulus and the (effective) strain, use has to be made of implicit differentiation which makes this a rather complicated derivation.
The second way to derive the tangent operator is to take the tangent operator of the three-dimensional case, and reduce it to a plane stress setting by eliminating the transverse strain component ε zz from the equations. This is worked out in more detail in Appendix C. Naturally the resulting tangent operators are the same in both cases, regardless of the derivation. They are symmetric in case of a finite element formulation based on the stress vector (σ xx , σ yy , σ xy ) and strain vector given by (ε xx , ε yy , γ xy ). In fact, that is a formulation commonly used in implementations.
Both in the 3-D and the plane stress case, the stress-strain relations have been checked against the one-dimensional case and the tangent operators have been verified using global finite differences. The present model is certainly not the first model aiming at describing the constitutive behavior of a shape memory alloy. Neither does the proposed model cover effects such as the asymmetry of the material behavior in tension and compression, the dependence on a specific texture or the complex response to non-proportional loading. Partly this is because the experimental observations presently collected for these cases are not sufficiently conclusive. But another reason is that the purpose of this model is not to provide an exact description of the constitutive behavior in the finest possible detail, or to test certain material science theories. Instead, the present model is formulated with the intent to be suited for and useful in an engineering and design optimization context. This is achieved in this case by inclusion of the main characteristics of the R-phase pseudoelastic response. The present model provides good correspondence with one-dimensional experimental data and accounts for the fact that the transformation strain is isochoric. The agreement with onedimensional experimental data is illustrated in Fig. 3 , which shows results of a tensile test simulation using plate elements.
D. Discussion
In comparison to the model we presented earlier, 19 the present model requires iterations in the plane stress case. This is a consequence of the choice to include the isochoric transformation strain condition. It makes the present model more accurate, but also more expensive. Having these two models in fact can offer an advantage in an optimization setting, as it allows a trade-off between cost and accuracy. This can be exploited in multi-fidelity optimization approaches. Both models are history-independent, and therefore the sensitivity analysis is significantly less involved compared to the history-dependent case. 20 This makes both these models well suited for use in design optimization of adaptive SMA structures, together with their relative simplicity and low computational costs.
The increased complexity of the present model in the plane stress case due to the need for internal Newton iterations can be reduced in several ways. For instance, when a slight reduction in accuracy is acceptable, a response surface method could be used to construct an approximation of the constitutive relations prior to the actual finite element computation. The shear modulus and effective strain can then be evaluated by means of interpolation instead of iterations. It is however conceivable that such an approximate approach leads to convergence problems. In that case the interpolated data can be used as a starting point for the iterative process, which is likely to reduce the number of required iterations.
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IV. Finite element model A. Electro-thermo-mechanical simulation
For simulation of active catheter concepts in this work only steady state configurations are considered. To evaluate the capability of a design to bend, the equilibrium configuration in full bending is of interest, therefore the dynamics of the problem are not considered here. In the intended active catheter application the speed of operation is also less important compared to the range of motion. Moreover, considering only steady-state processes keeps the simulation relatively simple compared to a full dynamical simulation. With regard to the feasibility of design optimization, it is strongly preferred to not adopt unnecessary complicated modeling approaches.
The mechanical properties of SMAs are influenced by temperature and stress state. In the present design concepts, electrical resistive heating provides a local heat source. Evaluation of the behavior of an active catheter design therefore requires an electrical, thermal and mechanical simulation. The electrical simulation provides a dissipation density field which enters the thermal simulation as a body source term. Subsequently, the thermal simulation results in a temperature distribution. Local temperature values are used in the mechanical model where they influence the constitutive relations.
The simulation approach described here qualifies as a sequentially coupled multi-physics simulation. It might be argued that it is not correct to treat the present problem as a sequentially coupled one, because the resistivity of the material in the R-phase is approximately 20% higher 22 than in the austenite phase. As the temperature and mechanical loading state of the material are linked to the phase fraction of the R-phase, this means that when using the material itself via Joule heating, the electrical problem is affected by the other problems as well. Solution of the full problem then requires a fully coupled analysis.
However, in the present situation it can be shown that the effect of accounting for this phase-dependent resistivity is not significant, and therefore sequential treatment of the problem is justified. In order to show this, it is assumed that the R-phase fraction γ varies from zero to one in the transition region of the stress-strain curve. In a first approximation a linear relationship is assumed:
The dependence of the electrical conductivity K E to γ is expressed by
where K A E and K R E represent the electrical conductivity of pure austenite and R-phase material, respectively. These relations have been included in the model, and fully coupled finite element simulations have been performed on the design also discussed in the Results section (IV.D). A simple iterative solution approach was adopted, consisting of repeated sequentially coupled electrical, thermal and mechanical simulations. The electrical conductivities of all elements in a new cycle were adapted according to the results in the previous cycle. This simple scheme converged fairly quickly, and it turned out that after 4 cycles a stable solution was reached. The difference between the obtained fully coupled solution and the sequentially coupled one was very small. The temperatures differed less than 0.5·10 −3 K, and the relative difference in the bending radius of the entire catheter was a few parts per million. Of course the actual relation between the electrical conductivity and the phase fraction, temperature and mechanical loading state might differ in details from the approximations used for this test. However, considering the tiny differences in the results this test clearly indicates that for the present concept it is not necessary to account for the phase-dependence of the electrical conductivity and to adopt a fully coupled solution strategy.
The electrical and thermal problems are both described by a Poisson equation. A standard finite element implementation for this equation has been applied here, based on a three-noded triangular element. Variations of the field variables through the thickness of the tube wall are neglected, based on the small thickness and relatively high conductivity. Isotropic thermal and electrical conductivity has been used. Both problems are linear, and computationally inexpensive to solve compared to the mechanical analysis. The heat generated by the resistive heating enters the thermal simulation as a body source term given by Q = K E ||∇φ|| 2 , where K E is the electrical conductivity and φ is the electrical potential. The temperature field that results from the thermal simulation is used in the mechanical simulation 8 American Institute of Aeronautics and Astronautics via the constitutive equations, as discussed in Section III. For the mechanical simulation six-noded triangular shell elements are used, described by Van Keulen and Booij. 23 Because a nonlinear material model is used in the mechanical simulation, numerical integration is used in this shell element, with ten integration points over the thickness.
B. Load case, boundary conditions and symmetry
The active catheter design concept used in this paper is a periodic structure consisting of many repetitions of the same basic unit, as shown in Fig. 1 . To limit the computational costs of the simulation it is attractive to exploit this periodicity in the geometry. For this reason, also a periodic load-case is chosen to evaluate the performance of the design. The case that will be considered is full bending in a single plane, in this case the x, z-plane as indicated in Fig. 4 . The electrode activation pattern used to accomplish this is shown in Fig. 4 for a certain voltage u. The electrodes for which no voltage is indicated remain at a reference zero potential. With this loading the structure will bend in the positive rotation direction around the y-axis, using the right-hand rotation convention. Assuming the structure can be approximated by an infinite repetition of basic segments, there is a symmetry condition in force between every two consecutive ones. In addition the geometry and loading conditions are completely symmetric with respect to the x, z-plane. Therefore only a relatively small part of the whole structure, highlighted in blue in Fig. 4 , has to be used in the simulations.
In the electrical and thermal simulation the mechanical deforma- tion is not accounted for, since the strains are too small to affect the outcome of these simulations. The application of symmetry boundary conditions therefore is straightforward. In the thermal case only convective boundary conditions are applied. In the mechanical case, a load is applied to the structure by the spacers. This is implemented using a triangular arrangement of truss elements (cf. Fig. 1 ) with initial compressive strains. It is assumed that the deformation resulting from the introduction of spacers in a thermally activated structure is equal to that of an idle structure with spacers present which is subsequently thermally activated, to simplify the loading process. This is not necessarily the case for general nonlinear problems, but for the present structure it was found to be the case.
An aspect that also requires some discussion is the implementation of the symmetry conditions in the mechanical case. The symmetry with respect to the x, z-plane is not difficult to enforce, but the symmetry planes between segments are more involved to deal with. The segment that will be analyzed is chosen to have one plane of symmetry parallel to the x, y-plane, which is easily translated into symmetry boundary conditions. However, the other symmetry plane is only initially parallel to the x, y-plane, but will rotate and shift as the structure deforms.
In this case, the symmetry plane is free to rotate around the y-axis, and to translate in x-and z-directions. Two points are sufficient to define this plane, provided these points do not differ only in their y-coordinates. In the derivation of the constraint equation to keep nodes on this symmetry plane, it is convenient to select two nodes as master nodes. These master nodes are considered to be the nodes that define the plane, and will be denoted by M 1 and M 2. A third node, the slave node, will be denoted by S. The described situation is illustrated in Fig. 5 . Since the y-coordinates of points are not relevant for this discussion, locations of nodes are given by e.g. M 1 = (M 1 x , M 1 z ) .
Keeping the slave node S on the plane defined by M 1 and M 2 is equivalent to the condition that the distance of S to the plane equals zero. This distance d is given by:
as illustrated in Fig. 5 . The normal vector of the plane n is given by:
9 American Institute of Aeronautics and Astronautics Evaluation of Eq. 21 yields, in both cases:
The constraint equation that has to be satisfied for nodes on the symmetry plane 
C. Solution process
The simulation aspects regarding the electro-thermo-mechanical coupling have been addressed in Section IV.A. Here the mechanical analysis itself is considered. The mechanical problem involves geometrical nonlinearities, physical nonlinearities and nonlinear constraints. Before discussing how the nonlinear constraints are accounted for, first an overview is given of the solution process itself.
Because the intent is to use the active catheter simulations in a design optimization setting, the solution process should be robust and should not require intervention from the user. For this reason an incremental-iterative approach is used, with a simple adaptive algorithm 24 to determine the best increment size. The new increment size is determined after every increment by the following rule:
Here ∆µ represents the increment size used to scale loads, initial strains and prescribed displacements. N D is the desired number of iterations per increment, and N A is the actual number of iterations used in the previous increment. Starting cautiously with a small increment setting in combination with this adaptive approach gives a quite robust solution strategy. In order to increase the robustness even more, the possibility to automatically restart failed steps using half the increment size has been implemented as well. Extensive testing has shown that generally this strategy leads to satisfactory results.
To complete this discussion on the solution process, the implementation of the symmetry constraint has to be addressed. The symmetry constraint introduces a number of nonlinear constraint relations between the degrees of freedom (DOFs). Several approaches 25, 26 exist to deal with these in a finite element setting:
1. Master-slave elimination, in which the constraint equations are used to eliminate slave DOFs out of the system equations. Master DOFs have to be chosen such that a consistent set of equations remains. This technique is not well suited for nonlinear cases.
2. Penalty formulation, where the constraint is enforced to some degree by penalizing the deviation with some penalty factor. It can be compared to adding stiffness to the system, which resists constraint violations. Constraints are therefore not satisfied exactly. Higher penalty values give greater accuracy, but lead to an increasing ill-conditioning of the system matrix.
3. Lagrange multiplier method. Constraint equations are included by defining an augmented unconstrained problem with the same solution as the original constrained problem. In this process, new variables, so-called Lagrange multipliers, are introduced in the system. In contrast to the penalty method, this approach can be compared to adding forces that enforce the constraints. An exact solution can be obtained. A drawback of this approach is that the system matrix of the augmented problem is no longer positive definite.
4. Augmented Lagrange multiplier method. This is basically a blend of the penalty formulation and the Lagrange multiplier method. Due to the addition of penalization terms the system matrix remains positive definite. Penalty factors do not have to be very high, since the accuracy is obtained by iteratively solving the Lagrange multipliers, and an exact solution can be obtained. Several multiplier update schemes are proposed, but generally quadratic convergence of the Newton method is lost. Ambient temperature 310 K Maximum operating temperature 322 K After extensive testing of methods 2 to 4, it was found that the augmented Lagrange multiplier method generally gives the most reliable results. The solution process is not very sensitive to the penalty factor used (in contrast to the penalty method) and results proved accurate. The fact that the system matrix is no longer positive definite in the Lagrange multiplier method led to problems with the Newton process used to solve the nonlinear equations, which is explained by the fact that convergence of Newton iterations is no longer guaranteed when positive definiteness is lost. 27 The augmented Lagrange multiplier approach has been implemented using a specially formulated constraint element. The element stiffness matrix k e of this constraint element is given by:
American Institute of Aeronautics and Astronautics
and its contribution to the load vector f e reads:
In these equations h represents the constraint, U is the vector of nodal displacements, p is a penalty factor and λ is the Lagrange multiplier variable associated with this constraint. The following conventional update rule is used:
The multipliers are updated after every iteration. An alternative is to alternate multiplier updates and iterations with fixed multipliers until convergence, but generally that approach requires significantly more iterations. When starting a new increment, the Lagrange multipliers were incremented as well, by linear extrapolation from previous values. This proved to improve the convergence of the entire process.
D. Results
Finite element simulations were carried out for an SMA active catheter design model consisting of ca. 3500 elements. The input voltage was scaled to obey the maximum temperature limit. In the mechanical analysis, an initial increment size of 1% was used, in combination with the adaptive increment scaling algorithm. Physical constants and values of other parameters used in the simulation are listed in Table 2 . Using a desired number of increments equal to five, the final solution was obtained after 14 increments. The augmented Lagrangian formulation was used for the symmetry plane constraint, with a penalty factor of 10 5 and using continuous multiplier updates. No line searches or restarts were required during this solution process.
Some interesting results of the analysis are collected in Fig. 6 . In Fig. 6 -a the temperature distribution is shown, and it can be seen that one of the thin sections is clearly at a higher temperature than the one opposing it. This results in a different response to the load introduced by the spacers, as is shown in the deformed configuration in Fig. 6-b . There the bottom of the segment in the unloaded configuration would be at z = 0, before the spacers are applied. The top of the segment is supported in the x, y-plane and remains horizontal. But due to the non-uniform temperature distribution the bottom of the segment is clearly turned in clockwise direction. The symmetry plane positioned at the bottom is shown in Fig. 6-b by a dotted line. Note that the effective strains, plotted on the deformed configuration in the same figure, are all below 1%. This means that they are within the range of validity of the present material model. But in addition, the highest values of the effective strain are very localized. Their contribution to the total deformation is therefore not very significant, and overstraining at isolated locations can be considered tolerable without affecting the validity of the overall result.
The deformation of the analyzed segment results in a total bending radius for this active catheter design of 35.2 mm, which is also shown in the composition of deformed segments in Fig. 6 -c. The power consumption of a single segment is equal to 2.2 mW, and for the 90
• turned catheter section shown in Fig. 6 -c the total power consumption is ca. 0.2 W. To give an indication of the effect of this power consumption, which is effectively equal to the generated heat, the following example can be considered. Given the volume of blood present in a vessel six times the diameter of the catheter and as long as the catheter section required for a 90
• bend (ca. 5.5 cm), and assuming the heat capacitance of blood is equal to that of water at 310 K (i.e. 4.18 J/(gK)), then the time required to heat this blood by a single degree with the heat generated in full bending equals more than 70 seconds. In this calculation the effect of blood flow and conduction through the vessel wall has been ignored, which even more strongly shows that the present heat generation does not threaten the health of the patient.
The performance of the present design is promising, but at the same time it leaves room for further improvements. The bending radius of ca. 3.5 cm might be sufficient for most applications, but in other cases a smaller bending radius might be preferred. The preceding discussion on peak effective strains suggests that the present design concept still has some unused potential. And even without locally loading the material beyond the limits of the present material model, the deformations could possibly be increased by local shape adjustments that reduce the peak strains. Next to that, it is conceivable that different choices for the general shape of the segments, the tube diameter, wall thickness and the spacer dimensions have a combined effect such that the rotation per segment increases significantly, resulting in a smaller bending radius and therefore an even more agile active catheter. Potentially when bending radii become sufficiently small, it might even become possible to actuate the catheter in a kind of crawling motion, which could be used to propel it through the vessels, instead of advancing it by pushing from the remote insertion point. The prevention of buckling during insertion by pushing is the main reason why conventional catheters have to be fairly stiff. It would certainly be interesting to see whether other methods for catheter placement are feasible.
A second aspect to consider when exploring alternative or modified designs is reduction of the diameter of the catheter, as the 1.5 mm diameter used in the current design might be too large in some cases. Yet another objective for design improvement could be to reduce the sensitivity of the catheter performance to factors that are relatively uncertain or difficult to control, such as manufacturing inaccuracies, thermal convection coefficients or various aspects of the material behavior.
The results presented in this section demonstrate the basic functionality of the current design concept. They show that a respectable degree of steerability can be achieved by an R-phase transformation shape memory alloy, and that accompanying operating temperature and heat generation do not pose a serious threat to the patient's health. But next to that, these results also indicate the great potential of model-based design and the opportunities for design optimization. The present model can be used to evaluate the performance of every conceivable alternative active catheter design concept, and the kind of structures that can be explored in this way is only limited by the imagination of the designer.
V. Conclusions
Because it serves as a challenging and typical example of a complex shape memory alloy adaptive structure, the design of an active catheter is taken as the subject of this work. A new active catheter concept has been proposed, aimed to reduce the number of individual parts, to improve its reliability and simplify its assembly. The limitations imposed on the device by the in vivo operating conditions have been considered, and a specific shape memory alloy has been selected that is able to operate in a narrow temperature range. For this R-phase transformation shape memory alloy a new constitutive model has been presented. This model combines a sufficiently accurate description of the experimentally observed behavior with a good suitability for design optimization, through the fact that its historyindependence allows for efficient computation of design sensitivities. This suitability for optimization is also the motivation for the efforts to reduce the computational cost of the finite element model, by exploiting symmetry as much as possible. For this reason also a special constraint element to implement a rotating symmetry plane condition has been developed. The performance of the present active catheter design has been evaluated by the finite element model, and the results confirmed its potential.
However, this work does not only apply to catheters. The finite element modeling concept and the constitutive model can be used to model many other shape memory alloy adaptive structures as well. The selected material is very well suited for in vivo biomedical applications, where the continuing trend toward less invasive procedures stimulates the development of enhanced and miniaturized instrumentation. But also outside the medical field many (potential) shape memory alloy applications can be identified, and also for those the modeling and design approaches presented in this paper can be of great use.
Returning to the active catheter design case, it is expected to continue to serve as a fruitful example to develop and study design optimization techniques for shape memory alloy adaptive structures. A number of directions for further improvement of the present active catheter design have been suggested at the discussion of the finite element results. Of course it is possible to attempt to achieve these improvements by a process of repeated modification and evaluation of many designs. However, it is much more efficient to adopt a more systematic approach, which is provided by structural design optimization techniques. The present model has been constructed with practical use in an optimization setting in mind, and is particularly suited for further exploration of this interesting topic.
Here M 1, M 2 and S represent the location of two master nodes and a slave node, respectively. The constraint equation restricts the slave node to a plane parallel to the y-axis, defined by the two master nodes. In order to clarify the notation, the original coordinates of the nodes are collected in a single vector X, and the associated displacements are collected in the displacement vector U : Subscript u resp. w denotes a displacement component in x-resp. z-direction. The components of the actual nodal location vector x are represented by simple symbols to clarify the notation. For example, a represents M 1x + M 1u.
The constraint equation in this notation reads
where Q and R are introduced to simplify the following expressions. It can be seen that the constraint is a nonlinear function of the nodal displacements. Differentiating the constraint h to the displacement vector U yields the Jacobian dh/dU :
Also, the Hessian d 2 h/dU 2 can be expressed as 
In these equations, the derivatives of R and Q are given by: 
The Jacobian and Hessian are used in the implementation of this constraint condition.
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